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Starting from the Riemann–Roch theorem for graphs of Baker and
Norine, we give a version of such a theorem for the divisors on the
points of algebraic hypermaps.
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1. Introduction
Algebraic hypermaps give a combinatorial description of cellular embeddings of hypergraphs in
surfaces (for a complete account, see [5,9]). Several ideas and results of Riemann surface theory have
been considered for algebraic hypermaps:we just recall the genus, someproperties of automorphisms
and morphisms, homology, and the Riemann–Hurwitz formula (see [3,4,11,12]). Moreover, there
is a deep relation between hypermaps and complex algebraic curves defined over Q, given by
Grothendieck’s theory of dessins d’enfants (see [10,13]). On the other hand, Baker and Norine proved
in [1] the Riemann–Roch theorem for graphs, where the role of genus is taken by the first Betti
number. In this paper, we translate the Riemann–Roch theorem of graphs to hypermaps, putting into
evidence the role of the genus, which has an intrinsic topological meaning for hypermaps. We obtain
a Riemann–Roch formula for divisors and functions defined on points, involving the genus and the
number of darts. Our result, whichwill bemade precise and clear in the next sections, is the following.
LetH be an algebraic hypermap on a set of size n. Then, considering divisors and functions on the
points ofH , there exists a divisor K of degree 2(2n+ 2g − 2) such that, for any divisor D, we have
r(D)− r(K − D) = degD− (2n+ 2g − 2),
where g is the genus ofH .
The paper is organized as follows. In Section 2 we recall the essential definitions and properties of
algebraic hypermaps and of divisor theory for graphs. In Section 3 we consider divisors and functions
onhypermaps, and prove a Riemann–Roch-type theorem for hypermaps, drawing some consequences
and discussing some issues.
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2. Background and notation
2.1. Algebraic hypermaps
An (oriented) algebraic hypermap H is a triple (I, α, β), where I is a finite set, and α and β are
two permutations of I such that group ⟨α, β⟩ generated by α and β is transitive. We let n = |I|. The
elements of I are called darts (or brins, or bits), while the cycles of α and β are respectively called
hypervertices and hyperedges. We let γ = (αβ)−1, and the cycles of γ are called hyperfaces. Each
hypervertex, hyperedge, or hyperface is also called a point (or cell, or cycle, or orbit) of the hypermap.
There is a bijective correspondence between algebraic hypermaps and topological hypermaps,
described thoroughly in [5]. In Fig. 1 we give a rather generic example, even if very simple and planar,
which we will use hereafter.
For any permutation σ of I , we let Z(σ ) be the set of the cycles of σ , and set z(σ ) = |Z(σ )|. Then it
is possible to define the genus g ofH by means of the following equality, known as the genus formula
for algebraic hypermaps,
z(α)+ z(β)+ z(γ ) = n+ 2− 2g.
If we let Z(H) be the disjoint union of Z(α), Z(β) and Z(γ ), and let z(H) = |Z(H)|, then we can
restate the genus formula as follows: z(H) = n + 2 − 2g . We recall that the genus of an algebraic
hypermap equals the genus of the corresponding topological hypermap.
2.2. The Riemann–Roch theorem for graphs
Consider any finite connected graph Gwithout loops, possibly with multiple edges. Let b(G) be the
first Betti number of G, so that b(G) = |E(G)|− |V (G)|+ 1. Baker and Norine proved a Riemann–Roch
theorem for divisors and functions defined on the set of vertices of G. Here we recall briefly the main
definitions and notation involved.
We let Div(G) be the free abelian group on the set V (G) of vertices of G and we call its elements
divisors of G. For any divisorD =v∈V (G) avv, where av ∈ Z, we letD(v) = av . The degree of a divisor
D is defined as degD = v∈V (G) D(v). A divisor D is said to be effective, and we write D ≥ 0, if and
only if D(v) ≥ 0 for all vertices v. For two divisors D and D′, we write D ≥ D′ when D− D′ ≥ 0, that
is D(v) ≥ D′(v) for all vertices v.
A function f on G is a function on V (G) with values in Z. The divisor of a function f is div(f ) =
v∈V (G)

vw∈E(G) (f (v)− f (w))

v (see [1] for the motivation behind this definition). A divisor D is
principal when D = div(f ) for some function f . We note that the degree of any principal divisor is
zero. Two divisors D and D′ are linearly equivalent, and we write D ∼ D′, when their difference is a
principal divisor. This relation is an equivalence relation on Div(G).
If D is a divisor we define its linear system, |D| = {E ∈ Div(G) : E ≥ 0 and E ∼ D}. We note that
|D| ≠ ∅, if and only if there exists a function f on G such that div(f ) ≥ −D. Thenwe define r(D) = −1
if |D| = ∅, and r(D) = max {t ∈ N : |D − F | ≠ ∅,∀F ∈ Div(G) such that F ≥ 0 and deg F = t}
otherwise. For Riemann surfaces, the set L(D) = {f : div(f ) ≥ −D} is a vector space and one simply
defines r(D) = dim L(D)−1. However, for graphs the same set L(D) is not a vector space, andwe have
to use the above definition for r(D), which agrees, in the Riemann surface case, with the classical one.
Therefore, we can think of r(D) as the ‘dimension’ of the linear system |D| (see [1] for further remarks
and some examples; see also Section 3 for some of its easy properties). We remark that r(D) depends
only on the linear equivalence class of D.
Finally, we let K denote the divisor defined by K(v) = deg(v)− 2 for all vertices v, and we call it
the canonical divisor of G. Note that K has degree 2(b(G)−1). The Riemann–Roch theorem for graphs
of Baker and Norine is as follows.
Theorem 1 (Baker and Norine, [1]). Let G be a finite connected loopless graph with Betti number b and
canonical divisor K . Then, for any divisor D, we have
r(D)− r(K − D) = degD− (b− 1).
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Fig. 1. An algebraic hypermap and its associated topological hypermap.
Fig. 2. The tripartite map associated to the hypermap of Fig. 1.
3. The Riemann–Roch theorem for hypermaps
We consider functions and divisors on Z(H). In order to define the divisor of a function, we have
to declare when two points are adjacent. For any z ∈ Z(H) and any i ∈ I , we say that i belongs to z,
and write i ∈ z, when i is an element of the cycle z. Moreover, for any two elements z and z ′ in Z(H),
we say that z and z ′ are adjacent, when there exists i ∈ I such that i ∈ z and i ∈ z ′; in such a case we
also write i ∈ z ∩ z ′. Note that z ∩ z ′ may contain more than one element of I . Then, we define the
divisor of a function f on Z(H) as follows,
div(f )(z) =

z′∈Z(H), i∈I
z′≠z, i∈z∩z′

f (z)− f (z ′) ,
for all z ∈ Z(H). That is, for any z ′ adjacent to z, we sum the same term f (z)− f (z ′) for each i ∈ z∩ z ′.
To get the Riemann–Roch theorem, we construct the graph G with V (G) = Z(H) and edges given
by unordered pairs (z, z ′)i, for any i ∈ I and any different z, z ′ ∈ Z(H) such that i ∈ z ∩ z ′. The
graph G can be realized by taking the topological hypermap corresponding toH , replacing each cell
by a vertex, and then connecting any two vertices corresponding to adjacent cells with a number of
edges equal to the number of their common darts. Indeed, we are using the same method of Walsh
to get a bipartite map from a hypermap (see [14]), but here we consider also vertices replacing the
hyperfaces, so obtaining a tripartitemap. The same realization can be obtained by taking the dualmap
of the James representation of a hypermap (see [8]); also, these associated tripartite maps are exactly
the ones considered to establish the correspondence between dessins and Belyı˘ functions (see [13]).
We remark that this graph does not have any loop. For instance, from the hypermap of Fig. 1, we obtain
the tripartite map of Fig. 2, and therefore the underlying graph G.
Therefore, all the definitions for divisors and functions on graphs can be applied to divisors and
functions on hypermaps (by which we mean divisors and functions on the points of hypermaps). In
particular, we can speak of effective divisors and of linear equivalence of divisors, and, for any divisor
D on a hypermap, we can speak of its linear system |D| and of the integer r(D).
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For any point z of a hypermapH , we write |z| for the number of elements of z. So, we define the
canonical divisor K onH by
K(z) = deg(z)− 2 = 2|z| − 2,
for all z ∈ Z(H). The degree of K is 2(2n + 2g − 2), sincez(2|z| − 2) = 2(3n − z(H)). We also
note that K is an effective divisor.
Theorem 2. Let H = (I, α, β) a hypermap with |I| = n and genus g. Considering functions and divisors
on Z(H) and divisors of functions defined as above, and letting K be the canonical divisor, we have, for
any divisor D,
r(D)− r(K − D) = degD− (2n+ 2g − 2).
Proof. We construct the graph G as described above. There is a natural identification between
functions and divisors on Z(H) and those on G. Also, the definitions of divisor of a function coincide.
We have |V (G)| = |Z(H)|, hence by the genus formula, |V (G)| = n+ 2− 2g; then |E(G)| = 3n, since
for each i ∈ I there are exactly 3 points z ofH such that i ∈ z. Therefore, b(G) − 1 = 2n + 2g − 2,
and we obtain the result by applying the Riemann–Roch theorem for graphs to G. 
As in Riemann surface theory, the Riemann–Roch theorem can be used to prove several properties
of divisors and of their linear systems (see [6,7]). Before giving them, we list some easy properties
of |D| and r(D), which follow directly from their definitions and which hold both for graphs and for
hypermaps:
• |0| = {0}, hence r(0) = 0;
• if degD < 0, then |D| = ∅, hence r(D) = −1;
• if degD = 0, then r(D) ≤ 0, and r(D) = 0 ⇐⇒ D is principal;
• if degD > 0, then r(D) ≤ degD.
Therefore, by a straight application of the Riemann–Roch theorem for hypermaps, we obtain the
following results.
Proposition 3. Let H be an algebraic hypermap on n darts, and of genus g. Let K be its canonical divisor,
and let D be any other divisor. Then the following properties hold.
(1) r(K) = 2n+ 2g − 2.
(2) If degD < 0, then r(D) = −1.
(3) If 0 ≤ degD ≤ 2n+ 2g − 2, then−1 ≤ r(D) ≤ degD.
(4) If 2n+ 2g − 1 ≤ degD ≤ 2(2n+ 2g − 2), then degD− (2n+ 2g − 1) ≤ r(D) ≤ 2n+ 2g − 2.
(5) If degD > 2(2n+ 2g − 2), then r(D) = degD− (2n+ 2g − 1).
Proof. The second and third properties follow from the definition of r(D). The first one follows
from the Riemann–Roch theorem, using the fact that r(0) = 0. The fourth and fifth properties
are consequences respectively of the third one and the second one, by applying the Riemann–Roch
theorem again. 
We end the paper with some remarks, and with some questions which would be worth
investigating. I thank sincerely the referee for raising some of them.
Relations with other results of hypermap theory. It would be interesting to explore the connections
between our Riemann–Roch theorem and some known results about hypermaps. We just mention
homology theory (see [12]) and some properties of automorphisms and morphisms, including the
Riemann–Hurwitz formula (see [3,4,11]). We note, however, that in some of these results the domain
of the functions considered is not the set of points, but the set of darts, and this may prevent us from
establishing any meaningful relation. On the other hand, Baker and Norine continued their study of
the Riemann–Roch theory for graphs in [2], giving many interesting ideas and results, which could be
applied to hypermaps.
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Relations with the associated Riemann surface. It is well known that it is possible to associate a Riemann
surface to any algebraic hypermap (see [9,10,13]). We wonder whether there exists any interesting
connection between the Riemann–Roch theorem for a hypermap and that for the associated Riemann
surface. I believe that this is hardly possible, since there are essential and deep differences between
divisor theory for hypermaps and for Riemann surfaces.
Other Riemann–Roch theorems. It is possible to obtain other Riemann–Roch theorems for hypermaps,
depending on the choice of the domain of functions and of the adjacency structure on that domain.
A natural choice would be to consider divisors and functions on darts and to take edges given by
unordered pairs (i, σ (i)), where i is a dart, and σ is α or β . With this choice, the graph structure is
described exactly by the underlying graph of the standard topological representation of an algebraic
hypermap (for our example above, the graph is exactly drawn in Fig. 1, disregarding the colourings of
the hypervertices and of the hyperedges). However, there are some complications due to the possible
existence of loops, and, in any case, the Riemann–Roch formula we attain does not involve the genus.
The same occurs if we consider edges given by unordered pairs (i, σ (i)), where i is a dart, and σ is
α, β or γ .
Extension to non-orientable hypermaps. If we follow carefully the arguments which led to our
Riemann–Roch theorem, it is easy to see that we do not use the orientation of hypermaps. Hence,
it seems possible to extend our theorem to non-orientable hypermaps, suitably replacing, in such
a case, the orientable genus with the non-orientable genus (a concise description of non-orientable
hypermaps can be found in [8]).
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